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Z agroAf p^mtmwtA nith m pt^^ixaA sqbh* of rm^xmo* 
and ^atitnio tor my %9mh9X ?x«r«0oor ^H* siddiiii timm wvidth 
Qt iMmt T9»iati l i^ md p^mr of ant&yols kiiidXttd iiitmst 
la Fuoetloiiaa. Mljrsis aaA Im^imA ao to oiiooa* Upie t^r 
ay rosotftoli woxlc* His InvaOLiuifelo saggtatieiuif oetistwtel^ ei l* 
Heim ami Gmtlamm mieftttrmam^mt at ^ tzari)^ aeei^^ of 
muHf dospate and asm retifimmiVt^ tat thm 
amscae^ilil emplatSmi of %}i&« mxk» I mt ooXj eoss^ XetfsA my 
^lamia lot also m^aimnxad, to tcHiitif* 8«BI« ygrnxS^ nA^  at hi^ Mur 
siatliaaatieo ia ills eloso asosoiatiea tliroa^i l^tiitfui diiii*u0«i«a» 
la irarloiMi sti|ia3rU;jr oci^ Ny^MA pollidiad Xoetusrwi* 
slaoazo thsgOm m aim ^m to mmtamar s. laliar Hmiaia^  
0liaiM«i of oar doi^ aartaoat^  for aa atao^ort la tho 
Aofartaonl ooaiptaiiil fl0A ooateiva to tuo ro8«ar«^ aoiSe* t f M 
lOM^ o K l i ^ to ofgaaiatBg •ovtoao «tiaia.atiAe oailaainif 
i«fiiiato«r ooaforoaeoo ooA aeliolai9jr Imtmm waUme IdLs ^ a w i o 
^oiBoaago telaff tlM iM»t taa joaiv* 
uy tgiamSlm me. s«c« (Mpto* »r« iua« SlMa and aofi 
apoKt a lot of tino villi dioeaooiiis w i o a o poiato voiatoA ta 
«iiia aoUe* X am ttMBkftt to tMi tar tuoir aoai«taMs« la oovom 
totas tho e«ai»letimi of Hiis ttMois* iQr oiaom t]i«BlBi 
tm sCkm du0 to fx«t»a00v ^iiit* (at* mnn^mtmrn^ lx»s*A») 
aod 3« (!iyal«r (DtrUiit i«i0 maSm t« 
rao ^bUi^tA and wxim wlileH n* « 
let. I « i tliaalcfal to thin fbr tholr hApftil ootMO t^s end 
c»i»astnfetiw eritiaSmm comta^ia^d in aU ^o i r f^ ^remgm^mf^ ^ 
Umt$ ttmu^ mt loiaot* X thaakfiil to m Fasal 
Bafniaifi IfoQfit Dopartaoxit of 'iii^Miiillest for tk9 aam 
ant effieloaey lio has ty^od tills thoolo* 
Arm - 1905 ( srsi Hoao» itxin ) 
AMgitth IMiUa UMiWol 
AUfOlll • 20e00« 
? R 8 F A 0 • 
^ PT90mst ikmsln, *0n sm» Aapm^te of S-Iomed i^aom*, 
mWdlm th» T'&miXtB ®f X hxsim h&m '5®ln8 h«rt 
a %<eiarh0T f^ aundULdat* fbi tm la^t Bm^r^ frnvnum A 
tim 9t tills Iia0 hem d&v&t^ ttie otu^ of mm^ of tli» 
Oom t^rfAstiX smw^ta « f c^^^oa* 
Six oa this taexlc liaif* "^m pti^ wseiiA. 
om &f titm hm la th« yttaur 197$ [96] ana 
t!» r«a«diiiiig f l w restiem stagttQ of la 
aatieaid anA iatem^tioaal JotimaXs of Matlioeafbtoii* 
f^ nKTO ax« six niiaptors la Hio thoaio* In f^ hs^tor 2t no 
t iM eolloeM aoao diofmltioiis md rooults txm tim osiotlAC 
tl^mtmm to teUitat* tho v^M^g of m s ^oaiii* f » 
Xlf «• taiif» dof&aod ^ iioaeo9t of pxodiirt 
fiileh htm oateoQooatly need to oohmi Istorootiag 
soralto 9«rt«isiai to tiMi ooaoo^to of ort^oittolil^ onA tntfi»» 
YWiiUty ift oiiBli «9«ooo« Xa eiM#tor XXXf tiio eoao^to of 
ooatiaiiity« tooiMaooo oail oiA^lst hmm hmm otoilioA as tlMgr 
to linoar 09«r«l<Bm <iofiaoA oa Manor 
CiMiptov Z? io dovotoA to mm-^rnmmm oaA tinoir rAotmt 
In. Tt m glw msf mm ebmet9xim^mm 
stsiet ooiK««xi^ la tans of aHNnif^imMr pw^ Awatm* Cha9%&it 
tZ dtals idth th« ef aaifozoljr ooarax s^acos* 
BMli olMiptor &t this lias divided la'le soetioiis 
aM a a olu^tar is AmmUtA W DXitinx tli« mm^ 
to and soetioa iiti8b«r e^aratod Igr a dot* Umi 3m2 mmms tlift 
soeoad of oliiptar tfavM* tliior«s»i laMaHf c^roHariM 
ailfMi^  idth oacw l^-aa ham ham anabarad aubaaqitoatljr ^tlsin awRli 
s©0tioa* Siuia daflnXtioa 4* 9*1 is la e^ctioa thrm of 
e ^ t o r fbur and it ie fOUo«9d tgr tlioer«!t 2, m oa* 
'^waida ttia oadf wo hsm a fairly 9Xtm&iw 
of vidriouB pttldJkealiOiie ^Inh haw boaa xiefmod ^ ia tha 
i^ xaeoat tluKiia* 
missm 09 satBQ&s 
hasm %9m uflrod with th» in&loftM mmiinm ttaeougmut th& thmic* 
E 
L 
B 
a, bp c 
?(c) 
I • B 
!!•••« 
i ' f i 
I • I 
(•»•) 
<r(.t*) 
f 
A J- % 
M 
n 
<iM.> 
E«al> uMibvro 
£iii9«r apm0 
2«»Baiia»li mtnnf 
T<iGtei»!i of L 
rottl mtiLtam 
mtmp&ee t^ r e« 
0u%fi9airf« g«m«rat«il hy a wkI I> 
of Iwtmclodi llii»«r S^funotlonals oY^r LX Y(o) 
aoia 
AbnolatQ viftlae auml^ 'S* 
Inii«r i^ redtiet 
a-lniior Fzodfict 
iMtxie 
Hm od^iat to ? 
a i8 ortilioa»niA to b 
r^tliocgoiiia. of tlio 8ttba9«r>0 I! 
09000 of ^oljmmifl]^ of dogvoo < a in a rool 
vorloiao 
M W t i m t X/?(c) 
avao* •f Mfooton ofor & 
fUla la^UM tlMl 
I f aad MOjr i f 
i 
amnm t 
»art I 
mmm wmmm 
n a t f f l w i M f^ fft^ ^"Mfff^ gpifty?' ^ ^ ^ ^ ^ ^ 
iHl^rtf bejroaci* tb9 pr&aitl99 tonis of ^imotty hem lM«fi 
t a ^ af» *p«liit% *Xia«' ete.f liiile •diat«»ee* pXagredl a socotidaiir 
r@lo* Bio r@mrw9X 9£ thtt eitiaati^B ia a etoddva dev^i^^oat* 
Fn^hftt itt tho y«ar 1906 fir^t •f 
•dist^iee* ^diieh elmM bo Bit tlift aont alpilfiMiy^ 
e&atxibtitlons to tim fooeotrl^ pr^ortlos of notxlt^  f^ Psres hairt 
^ .'fon^r [73] and J^^oatli^ [9j« lotigtir dovotod ozio aeetioa 
of Ma artielo to a legleal goiioraUsatioa of aotcie e^iroo vis* 
aMOtH.e 0£»ae»e8« Jiiot m a aotzlo straetoxo ie « aet ^^th a fane* 
tion on paim of noiatof an a^flMMo otmetuzo Is a sot 
i^tli a f ^ t i o a <lofitiod oa (tt<»>1)«ttipXoo of s>o£a^» tliio 
tliooiar of ^moyoXisod aotrteo has lata doxsiast uatll. (|tiito zocoistljr 
(['Olt [39] f [44) ^ fWMxalisatlmis Havo mt OLmtm %ooa 
eooaiotoal vdtli oaoli othov* 
2a i m t 9oUaii aatiHnatloltfi 'm$t» dofolo^od tlMi 
tHooiqr of aosiod opwoo ivblolt io iafofit tlio com of TviPtioadl 
AiiaaLjraia* b^aikw ost M i e h [lOZj intsoAtiDott a notioa of higtmr 
AlBoaaiOMil aom la liaoar opaooo (1977)* ttofortaaattljrf this otuSr 
f1 
Cj 
tilt «tt«iitl«tt •f euuqr aiuOysistii m far m «h«i • 
«i«rli •f Fx«d* [4f] WMSod* M « tetpvi la th« 
year 19(2 ili«ii s* OaldLar [45] ai«S« a eigaificmt edatributiaa is 
tills <lir«etl<iii In^w^tns tiia poaR^t of a 2««9txic 
tlilo x«v9ltttlaaaxy (^eas la his eelet>rated ttlrrosirtatloa 
atafemittsi at tise Mvsraity af (^ifswaldl neidar ^ alsla 
of % Biaaw* iraedXosa to «(io i»»tlea of a 2««!etrie is 
notliiiig Imt a gofiorallsatioa of tUs aotlim of aroa to albstmrt 
voetor n^aeee* is mlli-^ iammt tlio aaraa la tho Sue^ Ildoan £>laao 
l& miqmly dotozmlood bgr tlures glvoa ^Ints la tho Biors-
fozs 9mh 3»0i»9lox has Its aroa* this idoa la oaslljr g@iior«d.lso4 
to itoro di»oafileaal flgaroot o«g«t a iotoniaoA 
a (luadroplo vf ^stlK^t polats la tho ^ U d o m f^aeo* Thus 
(J. 
id.tli ®lnpXox tlioro is as90elat6d[^aMMM»^tit9 roal ausbor 
oaUod its r^ lwtrn* Sililer ototaiaoA Manor In^ortaat and latorostlac 
roatilts eoiM»oraliMr 2««iotTl« (or aroaHMtrie) apaeos. Xa tho stiilHi#» 
qiMat ptfpors ([42]t [49] # a»A (443 )§ ^ itttrodiaeod tho eoim^t of 
2«ll»imid fl^weos* Ss aomtnaPtoA oiror a vof'tor apano a roaai in^ Liaoi 
f ^ t i e a of too wialAoo satisiyiag cortala asloao sw^ that th« 
voRtor i^aso aith this aoro goaoral strw»^ur« hoeonos a 
XooaXly ooaooK to^olodeaa. fot^tor s^aeo* though sovoral rosoanah 
pagers aaA dostoraX ^losos havo booa arittoo Igr «aaar authors doaXlag 
«itli striat soasojcitr* orthojoaalltyt 2«%otoooaaoss ots*» yot som 
<J 
•f gttaotsle*! of ffiioli a^mw )!««•# }mmwT§ rMi«iii<i4 
l&rs0ly witwialwd. lat <li«^as0«A b«i« o n ^ t in ttm 9r«e«a« 
2* ^nj^mt mm9Bt lamr 9t9dwt spares aro n^^cial typ® 
@f aoza^ spares* fim&9 rngstm mr9 fesr ^lUbort (1912) 
la 'nia mvk oa lotogrtil e<iaati»a0» m tifl«d to gtnoriaiso tlat 
9f 4ot Djredurt mA •rttw^naS.ilgr to arMtraxy 7crt<»r mpmm 
aod iievvleped tti« tliaory of luaor i^ xodurt apae^ os (i^ro^nilbott 
and (Hm l^oto laaor product sparoe (Hilbert spaooa)* ?hl8 
Is lafoet oXdor riehor thaa tlimt &t mmM a^ id 
rotaiae ©aay of SueXldoaa sparOt » eoaee^t boiag 
TIM pxoVlflB of lutrodariag a soalar pxodirt (Inrnw in 
Umax ttotxi^ spai^ os mm stuilod tf ^ozdaa oioa Toa nmmmm [isf] Ia 
ISm foar 1991 taA alaeo thoa a lot of nozk has l»9oa la ttiia 
4ivoetioa tgri U« Via Momaaa« Itoboxftst b* ialait«tii Btzidiofft 
Joxtaf If* fvloliott PHim^a* 9«iu fiolcaa* ^«ios» 
0igrf 1»1U £af«ii9 seliowtiMi^ s* miMat stoa% Kimi^ a* 
ABailt soaaehallot MtSh H« ^wiatalCt «to« )• For a 
d«taUo4 iafomtioa, oaa « « i t xoftr to [9], [ n i t [I9l« [T^Q* [97l» 
fialt [i9]t f?0], [?• ] • [ a i ] , [lOO) oto* XzoMr ptoduot 
0^ae«a have b««ii« opti tlw m9fvX epm^n in priKitioal 
^l^pUeiitlm •t fonetioiuil aaaljrsia* 
Za jroar Idil^ I»tiB«r [71] iatroliar>od tha f^ ezir^ pt •f « 
pz^doDt spaet whloh has a soro go i^oral «sioGi eystis 
tlian tbat of a aHh^xt epaeo* ms aisi m to onrxy ovsr riUtort 
%fp9 argtisiefits t* tlM ti^Vf &t Baaaoli spacee* ^ir f ^ h w 
l@taJULe. oii« any into [SI], [56], [74]. [7^11 [0O]» [831, 
[a9l« la th9 yoar ^laiaaUt 3ahler and mit9 [ao} (jtodied tm 
estonsiea thla pxoman ia a partlcul^ oonti* lEtToduf'ed thm 
f^ meeiit of 2«*Ziiaor i'xvduet le a ttOuiilogiM 
of the eeacopt of lanes' Bpm99» ^qt a detailed iafoisiatioai 
om rofor to [20], [2l]» [22], [26] aai f^s]* In the year 197«f 
3iddi«|i BisTl [92] iatx«4iiDod tbo eonsfl^t of product 
ant otudiod ito basie pxoportios* Bm9 gonset^LcaL aapaeta 
paitaittiiig to ortlMiioaali^t otxi^t eoavaxlty a»A cioavaxitr 
la siieli t^ 9ei9e booa atiaAied ia tte pmsoiit thaeis* ipart M b 
tli»o«t m hmm otadioA tho eoae^ta of eoatiaultyf homdo^amta asoA 
oAJaiata fur liaoair oparateni dafinad 9a 2-»Xattor Pxadur^ t $paeaa« 
«ttiLsJfclMMl« of i^UoaiiM ia Soclldowi gaoaotisr 
assarta that tha a«i af tlM aqaaraa af tlia langtte of th« taa dia^o* 
aa3ia of a pasallalagraa ia a^wA ta tha aw of tha mmanm af tlia 
laagtlw af tlia Iteitr aidaa* fliia ia a fiaaanOiaatiaa af ^ aora 
Hwaiui thaavfei af ^ha«ixaa« wtieh aaaarta tha earn IMng 
f" 
d 
soetaKMSlm* Am intriguiiifi feat or* of th« i » 
tiimtf i t mgkms m9m9 ia « f l ln« gimm^trf ttf twhtr* 
mm hm tli* edoeoptB & mdlSMiitiizar txuiislfttiea 
l!Vfaarlftat 4iettw« iihieh m9A«& to ntatd w^Xlmtm* 
*diatane«* ia tl»» affina p^anotsqr i « ^itorall^ r«forr©A to cm a 
rtsdlamttary Im^h (tiatial^ing th« axioae 9f % non that 
of tlia triaagia iflMKiuallty mA iiith a n^amA fom ®t tiia hmm^ 
mity emii^iH m)m It its ^l^kmwm thmt i f m l l o a i w la valid 
than tha aetxlf« aat h^a^a tha ^aiatatxy ie tn tho jraar 
lalab iatr&<liir»od tha of a ^ak nom on a va^tar 
lla alMiiMd tha;t tha meik mm BAtint^lng tlia i^llaaiiis pxv* 
a^ wm xiaa to a mmkaat aa Wm ftpsra oaa ^ta 
tiia mioXi^aa o^aMotxy* It is iataraatiag to aota l^at one ^oaa 
not aasd tZiO tviangla imqmaSLity ia this vm9* mi^mtlf^ Pisri aad 
[86) iMffa aHalaod a 2-diisati«iea«il analagua of ^ a proVtoa* 
gto^ f t l f l mwinii M ^ i f f i f f Aooaoi-
daya^a aetititir ia folac aa ia tha raoaat jrears aa irot aaathay vary 
In^ajptaiil a « i ^ t of t««atiri0 aad 2«>aaisiad »#a«»aa vis* tha fijwt 
paittt thaaxaaa ia tiuMia utoDaa* ftaoaat3 »^ s» diiaart DSaiaaiaf 
A»a« iliita» U la«ki» Ja«gi» a»X. SiMwa» V.U ^hamat B.X. 
shaoMf s*L* Siaclit Hhaadaat Xhaa and mmngt othar aathaM 
hmm aiiaiBad aafaial im%araatia« fiatd paiat tliaorm iB 2-««til(» 
apa&aa* tfaadlacie ta aor t M i t ie a v«i7 n^h mA t^mrnh 
r--
D 
la ^loli • X9t of t«»ilc ««Qr he doa** mmwmt^  m ham mt aieeatifiod 
^ f l ««99et of tliooxjr in tli« ^rwrnt timmio* 
tbe initial o<mtfl1»tililoiui of Oaiilorf 
09Vttral moaroli pm9r9 wid dtie«9«rtati&ii« have ^ m wlttoa Igr aoay 
mtitlwm ddaLifi^ i^tki aiipoetfl of ^ I s ^(sery but a eostplet^ 
mA eee^nritoasiim tlioezgr lias ii»t boon dovtfloped* 
f!Mr« art •pMi tsbich ii®ed a a t t^ lon 
f^r th9i7 8«]la%ioas* ^idld XUm te a^tloa her« of th«a« 
(1) mw to the aetioii of diff«retitia^e oafiiMdn 
on Zmmm9d ti^ mm m m t» solve varioufi v«riatloaaai ^mhlmn ? 
(2) m^Tmslng tim FlmassoiaB ^^ tunratuxv toanor in of a 
gonoraXisod ZHCaaor Prednets [lOSlt it BQm& to bo po' oiUo to utaAy 
til* pio^ertios of f^ uzrattiro toaaoso m tiio ^^ fo ldst 
Ka^or aonif^ids asa& Its oHiov elaaaoo* 
0} for a aappias iMtoooa tuo d-oomod a^anoot oao ^mt intiodticio 
aioo aotioao of difforoatiaftioa (aaaloaoiH to thono of @atooaat» 
fmlMtf aad«ioid ote*)« m o ^rlc luui bo«a doao ia tbio dixoetioa 
Igr ifl^to [2«]» and a Clun (fluD. BlsoortaUoat A*l*tl» I978)« 
(4) qr ooaaidovisff loa^iMiinodoaa 2««otriQ aad 2«-tto»od o^oooat 
oiMi oan atnlap 9«Kl^iK>3.idoi«f M IMl l i p t i e and aom-i^ o^ oadM 
flMOtliOO* 
($} OM ow atuS/ oitHiaiai&ity ia a»a»Aioltt»odoiA ^ottoinod opaDoo* 
(6) Ono cm atvA^ mma^ pviiit th99rmus in and 
aonwd Bpmmo tern diffarvnt ptiats of wi^ii* 
(7) Bio »9tlfiiis«tioii pnVlm in spaeoo la also m latorostiiig 
topic to tm pumtiod iatoaeiv^ and hm wm9mm ttiiplieatieaff 
in aifforofit fields* ?ro00at2jr it is teiag invoatlgated ^ A* Ifailiom 
Constantino IftiiT.. O^sia )* 4*H« .^Mlqi aad >« Qahlor 
(S&zlia, mm)m 
?ajrt I I 
F I ^ Q C T ^ I 
Xft tMs pjTOlialaaiQr <?iia9tor» ^ havo eoiiootod tegethor ttaeso 
iiooa and theeronii of 2«<aat«lfi9 2»iioii»<»d ar^ a-ioiior opoeos 
tihieh m eliall aeod la ^ o saHeocieoftt eh^^toro* for a aotalXed 
iafoxiBttfeioa* Qm r^ x^f look lato the veforoanoe eitod in of thm 
MlovtUflr ooetlotto* 
1«l«1« Xiot Z» atotxiaot ttoi* m oe^nldor a aap^teg ( j -
vhioli is doflaod tho »o% of aai til^Xos of polato (a« ^ o) of 
t» lato Ibo zmHo ond Meh satiofioft t&o llilleiiia« ^ontiOaloot 
(ll|) for too dloUaot poiato a and % of £ tbtro i» a 9*lot 
0 la L Bmh that cr (a* W e) Of 
(T (a* o) » 0 If atloast too of tho tluroo 99ltiit9 a* e 
aio nnAt 
(Mj) cr(«» if o) • ©t i ) - c3r(%» Of a) • . . . . . . • 
(II4) ^ (^t IN « ) i %t 4) a, 0) cr(<li !>, e)» 
ttwa* gr la eallad a 2«<wit8ie oa L aai that (Z*f cr-) ia 
It io oaaiXy 90911 is aeii»iMigaitiv«« BurliaaaO 
of t l^ to dlmtmlwa ^ 2 tias a dofinad 
b (a. te» o) •• A/ £ 2 h 
H 
1/2 
> ^ 
V 
wiaam a f^ lij^ f e^ am tha of a* to and 
tivAy* Thim natiaa is aasUy gmraUsod ta tlie eaiid at a-«atvlo0t 
tout oluai «»a2iflJi« our attaatlwi to apuS !••« 2«<iat3?iie 
A 2««Mtzie apmm U eallad m ipapa i f 
8ati«fft«8» itt piaoa of mXm (M^) of dafiaitioii 1»f •I* tli« 
fbUowUn axiwi 
<«4) cr («t it o) l ^ ^ ® * ^ b» ©) 
A ftBiotiOB <3- I L HL - R a^iafyias (l^)* (V^) mA 
(1^) im m uXtiA 2«Mttie as i f , aiMl aiOjr, i f it is ma aagaUva 
[30]. 
9 
Wm amsmof B.Ai rmsma mi wwmm [14] i?«»ii!it«i«lMii 
t ^ mmH^mm. gratttiy hm^ m mm HMQT 
a ^dtli Ml^wing e#»litl0mi 
i ^ ) wm % d e I, i f cr (% e) - crC«» ^ d), 
a • H ®r cT Cfe, If, «l) • (sbf ep «!)• 
@xiiipl.®t tli© m% is tti« Ha® 
t^fiMgb « aa^ ^ (ft to}* If 190 tDft afmAition Cii^ ) ia 
fii0 t.Uli Vam %h9 ivmtl®n <3~ %im6 
is te&wn m m, mA tlie In kmm. m m, 
BBW [40]. 
i a . mmlm. f t ,fHtffMf mmm* w a-aetrif^ tr^ ae®, « « 
isiti»dtae« a as liii2.o«»t 
hm^) fer tiio paiate a aaA % ia l. 40 s Ibt 
crCat e) < e l * me ef i^l imrnmrnMrnm 
iH ^^(H* H^ f ini la i j ew^ iiiis of axMti !^ paiata 
a^t ia a hmim tme 
m U fliia ia eaUa^ tiMi aa^upai. ttna^f^ tHa ^aaalagy 
itma»«(l Ir tiM t««atile cr ia !>• tilt tataUtjr af sOl sata 
±IJ 
f 
wltii eX i^tT&xy n and orUtrary f^ dlms z 82^**** 
( V ^ ^ j ^ ^ * C9m9l9f Bfrntm of fliids of ^ pHsKt W f49j • • • • 
I.2.I. A point a ill « sparo t is liwit-aolat 
of a eet A 9t Lt if Ibr any t • 
thor® axifits a poiat a^ ia At i^Mtixmt ttm at eirh tli&t 
a,. @ tj^(a)* 
O'Cat 1i« o) is eoatiniwttti ao a f^nctieii of r a r iMm 
i f , aad only iff tho space L has th© fullowlug (this 
pnopoity ie eallad tho Property S)i 
For tiw i^imte at b t !:» mA for a givoa poaitivo 8t 
thoro Qjcist two aMs tJ^  tJ^  of at % surh that f^r a«y 
point® a @ anA b^e tf^ 
cr (a, ki a ) < g 
[49] has ooaeidorod a oitof^ iaO. 2-ciotil^ mm^m hiring %hm 
follo«iag pzoi^rty (Iraoaa m tiio '^ so^oxty K)t 
It a Boqaoii^ * a f^ a^t**.* of potato in Ii« tli«M 
asiot tuo i»aiiitB % mA e (T(at li» 0} |i Of lln a^) ** Ot 
Ua o- (atOt a^) • Ot tiNai for aaate a 9 
jUji (rC«f l i a^ )^ • 0. 
X i 
fh.9 aSboynt property masi te chawterlswil hf th9 ren<!ltloBt 
h9t «t bt 6 ^ that cr (ftf ^ e) / 0« Thtn 'm to a l t » i t 
peiat of a set A In tt it therv exlots a s«qutiif!9 of pelats 
la A with lim (T ht » 0, 
liM cT c» X,) • 0. 
fhrn pxap«rti«8 ic and s pl^r & signifleaat vole la tii« 
Uie&rir of 2Ha@txic fipa«90« fhe foilotiiftg theoar^ ns ea 2««itttiri<t 
^ro VGif Qfiefiil aad fer tb«iir 9S«o£«t ori« tto^ K^f^r (jiSO* 
fligeyiB U2a3t flMi 2-««tilc twtetlon CT is % c&ntinmm ftmctloa 
of threo vatlabiea i f « oaly iff i t ^mtlsfiee th« ^m^^vty $• 
J j l ^ i (I»t <r ) is a sj^ ar© tfeaa %h&m ^xiate a "mA: 
d 0Q L atld a real iitivbar A that 
i A d{l>»c)| < l (M) d<c.a)| <l(atb)J 
U2>§t &r»iy spaca iti rapiXar* 
l>g*ft X*at L|9 Ii2» L^t****** a fiaita ar eaimtaWla 
B«Bteav af 2«aiatrle apaeaa with 2«ttatvie8 cTft CT^ * G~3f**«»*f 
ra8paotiT«ily aad l« « L| }CI.2 ^ ^ A 
aatrie apaeaa c T ~ ( a t h » c ) « j * 
(Za aaca ax^ ^aontaKlitt z (T ia aaniiMd ta 
flalta)* flM tapalaer lada&ad ^ tha 2«aatzie cr i . aquiviaaat ta 
lam ^mdiiet »t u film t» hm ^im ^smmfty s i f* 
mA (ttOjf iff M i l hm ptwxty s* aimiXeagLy^  % hm HH 
pmpm^tf X i ft and viajr if* CMeh hm tM pmwv^ E« 
X««t If IM » Unmet a^mn of ^laiRuiIiia lli«it 1 
Aitip^inil txm L Hit iatd %fm H of «I1 ambm 
CS|)« tii ft H nam 
(a^). IK • Pf « « 
(%)• • I «% % > @ I t 
(»4)l • ^ e| 4 e| • « l • 
«iMi* sir t M g«t»l is • I dB f l l ^ ^ ^ 
i8 a linear TMI^ M s f <1|)* (f^) « i l OiOilor 
Hwi dHom N*t*|t iiKiNMiiiaKlivi* m Utt iibof* €4^niiiti«iit 
i f «• tte ooaAitiea (1^} a ewulitim 
( N n • 1% W O » 
« i ia l»fe| le eilleft s f l e f a i S t i B * * I* liUfai 
I*t*| ft ftfiiiiiaiM^MMlA ap-a^ I f lit H p i M tlW (H^} 
Ur 
t M O t l * * * ! ) ift flftHftA ft ammkrnmmKmm^  ^ ^ ^ r§4l> 
i> « If m a Z'^m^d Umax ^ma* x^ ftr wnj 2«»ziQsied i f wa 
:>tit {{l^ai c»-»a{f • (y (a» W o)# thoa It hmoma « 2«o@txic opao** 
il^ncdfortht a 2-419X^ 94 llaoar ^act isould be to m 
fkmm ar* t ^ aetl^aa of cemnor^iiro:?, oaa dute to iiilt« 
[105] t a^' other dtio to otoer [44j. ^io iSallo^mj ^tloas aro 
du© t« 'm%9 [103] I 
(V)* QaiiPhy mmm0t A mmma^e ^^ ^^  - eedlod 
a BOiiUaiirOt i f tl»iic« sxlst a ta Tj that 
arid e a^e linoarli' mA 
Urn ^ t nil • lim cfl - 0. 
(2). F^AYGRG^nt j^aoaoot A aoquoaro V in A 2-ITL« t 1» O«llo4 
a if tl:i9TO ojclate aa 0 !» thsA 
for ofoqr H t lU 
(3)# IslMlilLJKKt* ^ in i^iois ewlisr ^o t^sowfo io 
eoavvzKoat io eaLlo4 « opoo** 
flM HiUoidiic aotiono oio dm to Ql^or [44] 1 
If (I»t II* ff • ! ) io o SNMiSBod opoeof th«t for vtor H g Lt 
• IK f^f oil>»aoMi on Zw 
M 
A Mitttsal f99X9gf t9r m (L§ H* t •![) 
loeolly ommx kgr tlie nyatm y of * U 
8«Bsi»a»nui ytt^ M oftoirt* A ftuKlfleeiita}. Bfntm ot Mm 
9f m f l8 totality of eoto of tSm t9m 
V i^O) • [ « I IK •jll < S t^ J • j t 
i: • ( « | t (a^f \' im^ Q U > • 
It lias h9m almiaa iQr cML^v that Ifii2«*iil9 (I.* ||i 
lU II • K •^ ll 
is a mm ea L wid^ h^ indupafi tha toi^ olagar an If 
g* • .I). A eabaat a of a (!»• ||* # .11) is eaiil t@ Im 
^andai if for avaxy aM w of aaxoy J g > a smh that tha sat 
^ A m [ e m t ad A] 
la aaatalaa4 to t* 4 2-rila ||« # • |{) is aald to !»• Xaaair 
looadad i f tba savo tfMa ava tooodaA. It ia eaU to ba atzaacly 
iaaal]^ IwimM if for •» k i It ait^ ||a« •• and far a«Bli 
6 > Of tta* aat i^(0)f S • (•• e)* 6) ia 
iS^li ftaita dinaaalaiial ia atson^ iaoaUr I m i M * TurtluMr. 
•vaiy 2«4aa (!»# • .H) ia a uniAini ai^ aaa aboaa OBifim atrua* 
tmm ia «ivaa ly tlw ^ of ali aaainonHi im L 
<Miaad ir /%<•} • II % N aMA iMa a Wiiia aonaiatiii^ af M aata 
fr i J 
la L XL of tli« font ( («• 1i)t ^ e • 
4 liooiw • "^itli j t 6 Z>f eaaiod a 
Bmvmm^ it it ie Cmmisff i^th respoot t& eXl nmiK^tm t @ L* 
TMs mm® f»3r as^ ^ e L asxA aiv^  amh 
)} b^ 't bfl < e f » r all 1, i ' e I wltii 1. J. a 
th t "iDt is la «iileh Oflrh 
mitb is c®!if9rg«att le estUoa a a-Bmaoli ppaeo* iv«X3r 
eeiaitabXa '^aix^tiy^aqiidir* 1& the Berm% of (HMer la aloe a f^ aoelqr 
ea^ uaarYa la tim eaasa of i%lta Iml tlia eeavansa Is isat tma [44] * 
^ maatlaa b«ilaw ame af tha Isj^rtaat Koroma I^tie ta Oislilan 
•pmrm U3«3t Svaxy S^ Hala (L, \\, « •{)) la a laeally eonfax 
ti^lagioal vaatair i^aea* 
jgiariai ( I ) Bvaisr SiOa la ttnlfaxBUiiaa an a ta^alagiraa 
faetay f^asa aaA eaaae^iatatlj <9Mi|»lat^ ragolar* 
(2)* Hm tasMHaglaa ladnaaA iQr a aain aii& a 2«iio»i aa a fliilta 
dlfianslaaal faetav art aqalvaltat* 
O U a«ili atai tl • II ^ 2-aan R* # daflaad aa a 
flaita Olsa&aiaaiA vaetar i^aca tliara ala^ra axlata a raiA 
9«aiUva awibar A mmbh thai 
i t ) 
(4)* flMiT* «sla%8 a 9t mm9nmtM.9 ili»«»ilea liiieh 
is 90% •oirisaU* and daaa aat baf* any mm 9* 15)» 
If X. is aor a m t w y a««a8» tHaa [) • f|)» ttom 
^ a ^ » a|) <•> a))» a^  aadl W 6 la a twzmad cpaoa* la 
tills eaae* tha «a;?ala^aa ^aratad by a t|* * • || and a 
^ n 11 • i| ara aat aqaliralaat* In gaaaral. Hia mioiidng t^aaiva 
piaTldaa a oritariaa ll»r tha ^aepatlbilitjAthaaa aafl i^ d aa 
tha mmimw (pravidadi [{at lf|i ^ a) with tlselr tapalagiaa* 
'^i^ifin tai>aXaglOis ^aaratad by a S-asz^ (}• § • {| and 
tha mm || • }| dafiaad with tlia h^p af a la tlia abova 
mammr ara wiisivalmit if* and aaly Iff tba 2««oiS!}ad i^aca paaiWff^ aa 
tiia ^zaparty fC« 
gay* f>3*<t tfaiy fialta d la^iaaal S-ola paaaaea^® tfea 
Tiia fimetlaa cr~ (a* bt o) • ll^a* e«a|| la ii»t a eautlaaaoa 
fmatiaa af i i l tba tlnaa irarlaM.aat la gaoaralt tett ^ IbUanlag 
thaaM ^laTldaa a c^xltailaa Ibr Ita oaatlaaltyi 
A 2««at«lc f ^ t l a a cr t aaaaalatad tiia 
il* f • 11 If (3" (a* b» a) » la a caatlmoa foaetlaa af 
aU ^ t M a varlablaa If tlM IbUaaiag oaadltlaa Mdai 
/ 
IbJr « > •# B a aM* 0 ^f Bnali tbat tme tOiX a* b $ 0t 
< •• 
i -i 1 ( 
OM^Xf slidiQl and asptft [50] htem mh»m that «ill 2mmmm 
dofifMid m flnittf dSaonsienaSt wm^ter srpmes em eqairalosit* 
f.4. 4 amtimti B&momt Zat (l» ()• t .ff) ^ a 2-aojaod a p w * 
i^r eaiy arbitrary vmter e 6 let donot* th« 
of I gamtate^ tigr c a»d l#t <l«iidt« the qwtitiit 
mmm l/ir(e). For ev»iy a 0 Lt dooote the eQOlvalencc rlade of 
with %© T(r) a^. If « « cleftna 
taid a b " (a • fe) - tbaa L^ Iwearoaa a linear f^i^re |42l» ftm Q O O Q t - J 
an h^ is givaa hf fj 
f!i®r®f©ra# 1| • g^) i » a mm&a [42] • 
^wactergj fhara is aa iataraotiiig raiatimi bottwaa Uvaertare 
and Tha coiK a^pt af of%M faeilitatae ttaa study 
of 2<NM»rsied e^mBB* for dataiXsg eao eaa rafor ta [42} • 
Lot t ba a linaar f!is»af»a af dioaaoiaa graatar than U 9ar 
oiaoaata af h x it i«a* tha ardarad («• b) •t 9^int9 af 
aa ahaU atita a X ^  iMil far tHa mlmmta of (2* X aa aHiOl 
arlta ^ ^ (aj^ ^tmm a^* lij^  (ii*l«2«•••«#«) «ra rmstnm iM 
U flM iOrsM littsa ateaSld aot ba oaafttiad aa tba f^iaaa pfa« 
a 
dw)% af faotov MuOyaia* ttuaa c (a. Kb . ) a«afida fbr 
± o 
all fftxsiaA oii$>r«8oi(iiia 9f tlit fio» £ m 
a a , , 
S (iu X^^) ^ t X^ i ) <«•> fnafttloaaaB t 
i^ik! g •!! Lf 
; I ; . « I 
imi 
Lat d m t « quvtlMit * tXmontm Qt 
ti^  eallea ©ttr I* asad tli« ^oradntd of 
to a M w t « r atr® oaLIed |fy>raa<wttatAy9» ®f this Th® 
bivvctdr with th® r«tr«s<Hiit«Uv» £ W ^ ^i) ^ clQatM Iqr 
^ 1»1 * * 
)o i t X xf a biVMitdr IIM tHm r^res«ataUir« ef Iftitt 
t9m ^ ^ • X tliM it la said ^ sismlf. OiOjr 
ia tiM eaM L Ims dSmRiaiaa lasa %hm or a^ aaSL «a 9 daaa 
%kmetme mm L %wm ti ^ alii^la (fiS]* ^D* tiM 
B^  is a liii*ar a^aoa idtn tlM apm^iaita af aelditlaB mi, 
malar ataupllaaliaa dafiaad W 
l b 
aaft 
t n T A 
inH * 
If |j • ii ia a aexn oa %hm |K ^ • X b)|| a«fiii«« 
a oa L ([42] 9 12)« 11MX9 ie m ^xanpl® in 
miQh Bbm thai for 2-wxa !{• • •(! oa !«» tbere hm^ y t 
@xi0t a noxBi 11 • {} ^ c h satisflas X b)|| n bfl 
liar i l l h la emm dlit(l.) ^ 5t t lm •wxy 2-iioya on L 
l^ ais a cerreep^liii aem f^v iihleli {|at • |tib(a Xl»){{ 
^X h (L4^Jt p. 21). 
tp^ AgrSfisSaaM " ^ 
a^Hilag 
i? I A X C E t 
A and c iixv l ia««r amifel^ii of « linear opae* 
[103] • ? ia 8*14 to IM ft lAaoftg 2*fiiiie«i«iMil i f 
i ) f • %) • Fift. d) • Ho. h) • Kc, d), 
U ) • A t »• 
F is ctftiA to U IfwAo^ i f ::i ft xo«l eoostoiit K > o mmik «lu£t 
I nm. K 
Dtr aOil (•• b) 9 A X B» Xf f io %otK4odt dofiao ^ m w of ft 
m t ^ flPttt lar n » « - ifl^ ^Ki i f^* ax 
(•• I A X B ] * 
It i ddflat [i f ^ « • 
hot X. & siiiA L^  a k t is a 
aflpplisg 
f t li KI, tC 
X in cidXed 2-liiiojir (or bHiaoar) i f it im lXm0it in beth YariaSblos, 
T If? If J a fotiwtaat IC > © y&^ h that 
ii t>)}j ^  I l>(|» for « l l (% b) e L X l. 
If f i « thm fj t {| • i a f ( iCi ff?(a» ^ " b|j )• 
If l ' " Rf tii«tt t is oaIl«d a i^fuartlaaal. A ^ -e.^erater T is 
2«>eoEtiiitieiui9 at (a* b) i f @ > a 5 > o eueh that 
i| f (a, 1i) • f (a; t»)H i @ itommm^ Hi < a ftaa 
M l < or in < a awl tHft| < a. A !x>isidod 
llaaar 2««90i«t0r ? io 2«oaatim»oua al oat^ li point of ito dooaia. 
3M0 px09«^ *ti08 of oporatozo teXd t»x 2-^pera&or8 vis* 
i ) I f a Wiaoar S-oporaftor is 2«^mti«i»tio id (ot »}ff ttim it 
io 
i i ) A biiinoar aniporaitor T is 2«ooiitii»a0W <mi> T is SMMmdod* 
Oa i)io oliior hmU 'Mio pj^portias of opozator^ aro osirrldd ovor to 
a«oporatoc8 oaly laAor eortaia r08tziotioiio» ^ r ozfiapX«i tlM 
JiblXovdag tMros boUoi 
It t %M m^ altttmaikliig^'^^ miiittar 
dtfliMd M a f la it « dlK^MioiMl d-idis ttim i t is d-boisKl^ d aaA 
2«^atiiii»iif} [95] • 
Lot L* W tltt o«t of all Mlltieitr i^ -opoxatoni 
deflaed oa XL into ll^  v^tm I, la a 2-B»i«eh i^pssr® a»d 
is a Banacii apaetf* fbaa f* aatisfisd mil the conditio-no of a 
•^isaAacli aptito ^mvpt tout t md aiaisr ^ lintarll^ d^pondoiit 
y»t 11 11 ^ BROach tri>® th^rer. 1?? trao for 
2«fu3etioiiiAa In sitaatioa [l03jt ^at It Io-sr not hold, im 
gtMej^, a 2-lwuad^ Ki bilinear 2-faaetie3al defl led on A X A 
A is a linear sulNstpaieo of 
b X I. pz^f^or^ng t)im mm • 
U7» ^ ^ms^m^ m m ^ mr » s ^ b a ^ n . » , H h 
l®t I,* , h9 tho 8|iaeo of all boinaod llisoaar Z^tmrtim^lB oa 
Xi K ?(e)f i^^ iovt 0 e Dofino m ma» 
* 
I I I. X T(e) 2 i®)t <iofin«4 ^ 
e) e i*^^! F<a# e) - ll f l| IK ©11 j t a* o 0 U 
If « aaA o llMMffljp ia^ondoiit ! ( • » e) f * !loto tluKt 
* and 0 M Uaaaxly iadapeiident X(«« o) m ivaetimmavt 
(« ) f ia eallod alltaraatiaff i f f(a» m m 
f01P aU II « » ( f ) t M daa>ata of Y« 
I (A^tju-e) m A/^ ! ( « • o) » Z (•• e) Iter > > •• ^^ > •• 
%•% trm 99% ftf all mm^wktvm f A amhom* A stnl^ 
l^sitlv* ftBtoUoa is a mtg ^ i lOsich actiisfleo 
f ( > ) « 0 <«M> A « •• If 0 i0 a fmmtlmt m 
d9tin9 a iasUJ^LlteSE ^ ^ "" Sih^-'* d^HrnA Igr 
c) « ^ F 0 t e) - H ^ B IK oRi OT - f d K efl) V 
isliaxv at o a Xi« If A) f m J^  W ^ ^aU 
it a aosajli—d tiaality b^ap^ If ^ is a fanrtiont 
Z(a* e) « 0 o) # 
• 
vimm a» a e L [ i s j . 
stgiot Coflfwltrt i a^nls I, in aaid ta ^ utrletlj rrniwwh 
it 
en • el) tt^ oil* aadl e 4 ^ • a « 
san* s > aliara ?(% is tlia Xioaar e^aea iaamtad Igr 
a aad ^ 
Hit HiUaniag eliaKaatafiaatiaiui af stiiet aaavaxity ava 
fmx lammm 
SUUSMJmIM^ ^ ^ * ^ fiUawlas ava aquifalaiiii 
(u, ti 
1* is stxietlj eenveXf 
f w 9W9vy « e ]»t ^ stsietljr n^mmt tm th« 
vmmX owemf 
3* 08 • eft • oflf IK • etl « 1, anA 
e ji Vt«» b) a • 
4. 8A. oil - lib. e|| • n • H nad c /I b) (| jp(»fb),efK S 
5. all • « o|t, Ifb-d, oil « a|t> « 0 <•. 1>. 
mA c i b ^ ) a « (1-^) a • ^ b • 
If e /I ? G F / fio* « |bt • 1, aad 
a) • f (m a) • II f |}» tiMa « » 1>» or f|fit b|| 0 
and c • • i a c i L , 
! ( «• e) n e) / t an^ e ^C t^ b • a « f®r fiMi« 
m > • § 
Q» <}) « e> ^ f e ii b) b • a a fbr 
o«M d > 0 f 
9* J is 8tii(*njr amtftii** 
jdAitiMiaa. isibxMslim itettl stiiotly eviivwr S^nla nagr 
b» fbMd ia [ • ] • [253. [ « • ] . [2f ] . [27]t [97)f fW] f W ) . 
ihlllWr faP^*^^ mmmm h9t h m llaaar i^ae* with 
4I»(I.) > If « i i i f (• • • { • ) t h K % H t ^ lit «iiieh mtgiUtUm 
tim mUwim^ 9t»ttaiflMi 
<Xfi)* (% «jl>) I o» (a* At )^ « • m mA h am Un^ma^ 
<i«p«idliiili 
( m ) . (a» aili) « <!»• 
( m ) . (% « <!>• «|e)t 
(184). ¥|e) « • (W 1i|o)» 
iimU ( >a » » b|e)» emr^r 
Hsiiif ( « « « [ • ) is eallad a firr^fff Z> and tital 
(lit <•,•!•) a mm « 
[so] • lwie«f»rllit & SMUmttir pmdoet would 1m ohhsmtieML 
m 
(0«»Hjr - ^htmxm lawitiaUlar) 
For airbittvuty peiata % ^ e @ Z^  t 
I I i m r s r e T vi*» i»i«j 
l^iBPiriB fur •fwqr (• t •) on %i ^ ^ tvmUion 
«A X» X It X I 
(«t Hie) • (i>U><e)» cb(li x e ) ) 
mgpiwMts A Maanr j^ radwit U 
Mt iU (•t*/^) te « A SNUhmt 
ptoftnet d«fliiid M 3i lir 
I) 
(•t ( • •0 )1 
1 • c/^ (fi. c) (H - c) 
(b» e) (c. e) I 
On aqr i^ao* tlM 
otipiilatioA « iftSTeTW a 2 »^mm t^r riiUfh 
Hfc) • I [ lla^H, c f . [ja-H, 
l^ l^ fe. of f• efm 2 [ ^ 0|f> o f ] 
1*9*Si svwcy 2-«sirMaaiJ©rt s^ ar?® Is otrl^ i^Xy ootjvmt. 
fho t^ Hmmlng coaditloae earn m(i9mmiTf and oafficiimt for a 
(Lf » • {{) IM a «!par»«* fimm r^ndit ions 
&X0 tl3« tiM»-dii!ii»iaioii4il of tiM ^orrdspimdltig <»liaractQriii«** 
ti^ie dtt* to flelota C^jt <iotalI@f oae can 
[ » ] . 
la^ari A S-^ oixmid apw o^ (l>f g* t • le a 2-pr«**mb«rt 
if» and aaljr Ift ai^ ana af tha Mlaaiag aqttlvil>a»t eaadl^ 
tiofia ia aatiafiad far amy aaa^aaia e $ X« 
Z* Far arbitxaxy paiata a* % 6 X«» with {|a« o)l « o|| aad far 
aviitMsy xvii flMBWxa fi, ^ a • ffbt eg <• Rsa • oj 
% fwm eD • a|» at b 6 it mUm ttuA 
IK IK o f * 
C , f* 
e| « I M t e|[t e|| • a||. 
5* Tiiert exists m mmtmX A ^ X ^^ ^^ 
H^ t ofl •• IJbt e|f «t ^ e Rft^AW o| • . 
fi9Bi Hat oS • (i^ t o|)t «f H $ it UllMm for emtj rtX 
amlmr <x • that l ia • ^ (ta^b» oQ. 
5 
?• For £>9iat« a^* a^ d Ii ^ ^ ** ** R^v^lHINg* 
/l«iJia Ija,- a^tejl • Hag- Ajtofl. 4 
8. ifor i>©iat9 a|t a^t S '^th Z 
tti^tcft - li^fOtt lia,- a^.e! « Ua^- at^ 
- A^tolf is iiid«p«ia«at of 
10* for ftsf^ltraxar poitits 02******% ^ * ^ ^ ^ 
•• It M l f m that^? e f f . 
U10. fhilfwi « i i i m i n fgfAailt gfHTitlifff tf itctirilyffiilr 
Lot f ( « • y) ko a n A valaoA UfozuitioiMl dof&xMd oa a 
(Lt{|.».tl>« fH* rtoht fcoad flataaaa aortial d^Airati^ of f 
C j J 
m r^^ t^  M at (xt f ) ill the dtxvetlea h is defliMdi as 
( y) - f(x,y) 
(*t yXH) • liM { I ' • ' • t-.© .^ I t 
Simllax^i loft aat«aiax imrtial of r w«r«t« 
It at (x* jr) ia the dUtreetioa h la daftaed as 
, 1 F C J ^ ^ Y) - ( 
^ - I - 1 ^ 
If • y)(h), vm ai^ r that r (^ att?*^ dlfferaa-
tiabia at (Xf y) ia tba direc^tian af h aad wrlta 
y)(h) « y)(h) • ?<«• yXh) 
fha saaaad r i ^ t haad Oataaux Oazlvatlva af F at (}£« y) ia tha 
dizaetiaa aa4 ^ datlnad 
// 
.^iBlIaiiy* eaa datlaa f.(xty}(li|tli2^* 
Zf ttoa diMMaiaa of £ ia gMatar thaa or aiiwiil ta tha Oataaax 
texivatifa ia miqaa [2i]« 
Heart* m iduOl five aaetliar defialtiaa a| differaatiatiaa 
eallei tim ?mbet aiff«reat|gkie«. 
' J 
It for m alwuMit t l im is a UiMar na»piag 
fix^) $ Mt fimw « «v» 2«<i3.s9«0«8t mmh tliat jAir wwmwf 
z @ Lf m liaf9 
• h) • - Hx^) h ^ h). 
U B ^ . 0 
^ H y II 
^ ^ )i IM y |{ / 0» fU^ ) th9 Profh^t dorlvatlvtt 
at th* pviafe ^^^ ^ ^ ^ ^ <i@fiaiti0f&0 aro oolj 
a«iat3.ogii«(i vf til* elaanioaX thwiar* 
tmmm %i 
F ' I I T A R M I M mpm mj^m 
In t9 <?azry oT»r Hilb«xt (9pm9 f thm 
TH«IOI3R 9t dmstih I^ W^TTST LMER [71 ] IATRODIKOD r^et^^yt •t S I N I * 
iwuir pm^mt ^ m m wliioli li«f<t a m f gdiMral •adoo ft^r^tw tiMii 
tiiat 0f Bilboxt nprnimm 0ljaiimiOt Hital^ rf wid i^l) 
and iatrodtioad th9 f^ va^ opt mt 2«iiui9r pTOdtact In th« 
pxmmt elMpter* wt a^fiiw th* eeaeejit ttf a-soiai-iiiiifir pr«d«rt 
@pm9» aod sttifly its bs^lo propartlee* Ta tills r^mn^timf m 
simr that a a«-»«Btl»»iiiiid» 9z««ltii*t Itiiltip f^l a 3«tt£af 
[a* mjiy^^^s f ^ aiat tliat Awxy limajt ^ 
aaiilv late « £»z«dtiet It me^  )mi stationed that 
th9 eem^t 9t Z^mi^^imme pmdmt 9pm»9 is a 3»(li««ii«»iofia2. 
analagaa of tim e9m9p% 9t sasii^iaaar apms99 iittindtKiad 
^ Xam9T [T1> 
iTamlrfffimff m # « i l , » i f t f » 
flfiftilMiMt Iff it* M L a liaaar «9m9 with aiii(lk) > 1 and 
i t [•f«|*l ia a m a fneUaa aa L KX* XL abiah aatigfiaa tlMi 
mXaaiag paatulataas 
(S^). t . [a • ai • [a. > [ l i 
U . [Aa , - Hlfljt 
a 
for 2»a2. /A aod f*r tirmj % % bt o @ x. t 
[ a « « | b j > 0 U « aal ^ isow indos^ Qiidentf 
(S3). \ \ i [a. J^^^ 
tbmh m that L - . -h j > ^ ^ I ' ^ l ^ r ^ U mA 
tha^ (I»t i * I« ] ) a Hfdatit eaaea* 
tt pi^ dimit would btt te on 
2* 5* la tMs sGctioHf «8t«b]i.9li fl»llo«l!ig thooraai 
saioggaa 2>3>1i A ia a S-aoxsimi Un^ar fdth th* 
ii®w [at afte]^/^ pmvlM L% affej • [l^ t b f a j * "Sfsi^ a-^siatd 
llaea^r em 1m into a 
fifooft f » tlULs tli««r«* m mmA tiit linaast 
A 2«9«i*9* ^aeo la & Z^mmoA Xlmm wittk t ^ 
Z ^ m [a* [a* j " D^ ^ l ^ l * 
HSl l i Xn»i!4«r t« tluiKl [% nf^]^^^ a a -wm, it is fluffi* 
eimt t* fliitw tbat 
( i ) [ A * , |A| [a. ftir ofwy A . 
( i i ) • Wf U • i [a. alfil^/^t 0 . 
wbaM a» % a»A e UMasijr iadi^widaat* 
tJ 
Fzeof ( i ) » ftm j^ttAot* C5|) mt « m !mv» 
IS imfm, I | - | A M & t A a i b ] 1 
poflteaat* of a 
I ! • [ Aa tA^ f e l ^ 
a and % iad«{>aiid«iit* 
m^f tlMrofertt, [;A«#A«|b ] • } I («• AafbJ 
I [atAaHO I i [a. alb]^/^ fA a. a b ] 
TSmr^tw. C^a. Aaffe] £ } a | [% 
[ ^ a . lA l [ « . ajte]^/^ (2.1) 
Sian* m COM nmXtw 
Cat C i A a , ^Aal^J*/^ A ^ 
t»m (2.1) m htm 
•r 
£•• • fbD^/^i (2.2) 
<J (W 
^binimi (2«l) and (2.2), m haf« 
lA \ [a. 
imot of ( i i ) . iMistiaat* i^)* m h&^m 
Ag^t by ^ etidatd ym ham 
I [b . (a^ ) je ] l i [b. 
m •btaia 
[(a^b). i [a. [b. bjel^/®. 
• • I o u 
itetati^y If h & It th«A [ {¥] ] mtlX denote the linear nmiMd 
SWMJrated lajr ^ 
I*et (I*f||»t«|)) te a 2-aeaiea Unear ani let a 
aaS % be two Xiaearlf iadepensleiit eX«a«it8 of !»• Lat M and 
[ ^ b j ] b© linear siaal«»Id9 la (Lf {)•#•{))• Thea tliere mdintm a 
bomded liaaar a wlt^ doaaln L X [ ^ b j j thgt 
<1) I 0 II • tK and 
( U ) b) » IK ^f* 
coiialder the Umax mmilt&l^ 
M . a j ] . 
^oasMer a 2-fsmatieaal. ? defined ea ?f X [ l ^ j j as fbllenei 
eball new pseve tliat i « a liaear a^funotioail. ^th tba i^ rasMirtjr 
F(a» b) • IK Mf . 
» » end ( 8 » X [ ( b j ] . b m 
kJ 4 
+ ^ KAg^/Xg^) (2.3) 
mA HTiAm^ - il«t ? 
^mhiRltm (2.3) and (2«i)« tli« UneaHty of ? ia pxo^A* 
t^eWf tjbft a«flnitlofi of f . ^vo 
toff • 
f^Oag /\ tt/Xii It ^ obt«4« 
I») • I K . . . . . . < T . 5 ) 
FARTLIFIR, i^r m ( /^••JU.L^ E K X TO) m ham 
|F(Aii./^to)| • fA I f/^i I K to|f ^  
. am m A •./tM . 
fHfti that F is * %oaiia«d liii««r 
mm^. H ' I » i^ lto^Ki IK A»t/^to)| 4. K ||A®tpit 
alj 
/row it ia cl«ar that 
tK M e Ki j^K 
ft>r adl a ^ X [ i% j ] • 
mas II ? 8 1 11 I! . <2.T) 
F la a bounded linear 2«fuiictioaalt 
iFCXat/Ub)! i l l f II ||Aa./Ub|. 
tor all (;\a»/ib) $ M xf-i^b^ J. 
Fxoo (2*6)» m hava 
IK bfl « Aa,/ab|| i 8 F II 
il«t 1 I ^ II 
jfxvtt (2*7)» and (2«d), it fftUeini that 
I y « • K •.•..(2.9) 
flMt«f«iit9 br « Haha « BMMoli tjr^a thaexwi pivvad ^ iMta 
([109]• 111. 94}t m em axtamd F ta a bemded liaaar 
2«flaM)tiaaa]. d dafiaed a» X [ { b j ] otieii thai R f H ^it 
mA ?(?ya»^b) « 8(/\a,yab) tmw M B M 
I r I « II 0 It it mX9m that 8 0 N » 
jXm sine* m ^ X 
[ > ] ] f ttm (8.$), m (Hiaeltia* ^uH 
- IK 
IMSOA 2H(i»xiiiod llnsor o^aoe coa b« nadd ii^to « 
l*et (l>« 8«»*|) M « Un««r lOBT l^ma 
ihi^e 9JEiat« A teuRiltd linear 2-fuiietloa«X ^^^ ^^^ 
to v^rliy thiiife (ctt tefej • ^^  ^eUnm m 2«>8*i*9* 
m mvmet tliat II) ootisfioa tlM MXaiviiig pzn^orticist 
"(•lb) '** ^ ^ * k an Itiwady laMiwidaat (5) 
tj) i 
ni2ic« ^(^jo) a Umm 2«fuaetioaal» (1») md {2*) h&ia. 
m r m w t wlnet «'(a|||)<a» • ll®» M^t «® Uava 0 
if a mA b ar<i Uae<ir2y iad^maoat and (3*) Iwlde* iAff** 
sine* ^(ajb)^®* ^^ * J***' Iwias. 
••^ ine® (^blr^  ) ® bouaa«d linear w© fui-wi 
i H i®* 
- ci and e) - i^t f^f't tvm 
(2,f0}« havtt 
2«4* Maia flie e»xo@f of tim saiii %b&9rm 
mn t&llmm £tm Lmemtrn'^mZ ana 2«5»4« 
amkBXk. 2.Si If is « «»i*9* (in the mmem of [71]) m 
(em l.5)» %hm [•• l»|c} - [i(© x c), K ©)] is a 
[•••i« ] L wiiart at bf o e IM Xf {( • | is a iio» m 
thaa Hat • jpKa Xb)tt ia a H«m| 0a & ([4Si]» TH. 1?}. 
im ^Ma smtUth m sttsSjr m pftpertiws ef S»<i»i«]»« Iqr 
lai^eiiig • fttrtnaraatfietieii m Hm In thl» o»iia«enwN 
m olistm tHat ^ tSM aAta m 
^ ^mU]?* m^mwa 'ait^ut eioaiag may 
gflmifioa&t VMtliotifMI* 
?tft1* A I, l » t® Haire tli« 
j^saaoaoaoity ifiEOaiai'tir i f tli« saliafiMi 
CS4) • 1S9JP all a € !? aaft 
% ^ W fHmif^nt tM9 seotioa it wiU tM asnumel titfise all 
paasasgtlia pio^airtjr* 
A lias a iM t^har stmtiura i f it ?iatiefiaa tha 
^^tittuitj ia tlia a^ t^ mA argueoaat af tha 
miM^m iiM* ^ a-aa.?, a^a^e ia «aia ta ba a g f M l ^ l f f 
(%)• ( » - [l>t • l e j t A3L M A 
m JUall ^afiiui ti9M» «aaoai»t af mmAiit^ ia 
e9aoaa» 
MftiiltfHI f i f i?" ^ a t M u a wtaxa at » e air 
ia yart l ta (wittas aa a X l i ) « i a ia 
• ^ .1 ti J 
t« te tTaAfSfrmaX to *«* ^ • m exiota a »»ii»saxo doctor 
*c* 8 L aiiQii that [lit «ie J • Ot iii«r0 /[$ 
Raaartt In « epant* th9 QoxQiaity reiatiea 
nmtinttw the fBllavias 
i ) I f a JL Hf ^MM a -L. kb» for aU inial k« 
U ) If a 1. k* than ka i- b* f^r « n real !c» 
i U ) For anar t«» ^oaeats a« ^ 0 l*» tliora exists a real aonlter 
k siieh thai;k a -l-ika • ll)t 
! • ) r\>r aoor ^Umionttt a« a lit &xlntn a real amber 
k aij«;h that (ka b) J- a* 
•) I f a i- ftor eveiy a and b^ j lit th«o a i- bt 
vl) If ajji- b for efeiy a mA m -^* at thea aJ-bt 
911) a X a a * O t 
vlt l ) I f (at a|b) • (b, b|a) than aX b <mm> b-L a. 
Mlifilllfffi ^ ^ eubepaiBes ©f I,, Ht^  ^©t if la 
artheniiua to the aet M and the set » transT^^rsal to tlie 
aet M i f fbr £01 a 9 M arvl all b 0 ft there oiciete a n»ii» 
•ere e 9 L ouoh that (bt •• Of where e 4 TCa* b)« f)ie 
set ef aU veetero vtiioh are ertheoeaiO. te the eet M are AeaeteA 
br flwi lOie eet ef ell fecteie treiaevereel te t^e set if ate 
doneteft Igr x'^  • ftm 
4 (1 
V b e M ^ J 
ii"^  • e L • ^ -L % N i^ e * 
ifflPWMffl and « 0 I., If a 
0) y e n 
Slid vvntor x Is oall«d tli« •rthoamil ii»J»!ttiqf of 
a oti M aad th« wctor y is eollad th« 
«rlth zotspoet to tli9 eel M« 
C2) 
I t ttiere exists a ildoonpaaitioa 
a » x > « « x e i f And s d H f 
X is oaSlsd tli« tyaswyaa maisot^^ of ^ 
a ^ aaai Yaotov a ia eaUa4 tlMi tyaaayiygai e«yil«Bfaa^ 
af tlM vaetar a idtb tmnmt to tlia aat 
t«7« Xa a 2-ttls lit tlta Mlaalftff Aaflaitlaa af av«lMi9»aal.itj 
ia a 2«-Ai»aa8iait4l anaJasa* af Jwa'a antiai»iia3litsr f«laii«tt |jfO]* 
Irtfliltliri Ii7i 1* ZA a SMla £.» Ha aaar that 'a* ia artli»«iaia 
t» (vKtttaa as m^ h) it Qa «[) ^ fa* Ibr mt 
vaa /V t liMia a t l i t a d l i anA a^i ?(at b)« 
t% is &nt«vff«nfi8 mf that la a mntimmm 
tilt 2«»*i»9« ataMbUlar >«l«U«ii (4«flu 2«i»5) maA tiM 
Zrnmm •vtbAfiaa&ilgr (dafku mitiimikm^m m 
0t%t9 tlw e«oii«6tioii la til* t^m of th^swit 
j^Qffry Zf^ mZi III a Qotitia»»ii« apana L| aJ^b if* 
iifiKi efOy it» |a ^ X^ i tt** i^f ^ ^ ^ ^ A ^ x e 
e 4 V(a, 
rf a-L b i.a* [bt &I<*J m Of thaa by (s^) ^ l»af» 
la •/b. ©j| IK ^ I •/^ tJf I 
• f IK o f ^ [l». afc ] t 1 K 
|a •Abt Cor eO.! rasO. /\ » 
^avars^t If ftn e\\ ^ |a« e)) 1Sf>r aU seal /\ § Vbtm 
|f» •A In <5| - K o| I 0. 
Ha Ifa* e| %m IO9 
- j [a. (a 
ajfi 
r ' 1 
[w (a • A b ) l c ] A l ^ O , 
40 fw? £ 
th0 cmtimity conAitUtn flir all xfo^ » m liaw 
[by (a j a{e J s>Mitif« voiliioe f&r 
audi aagativo talwm t9v /v a « 
mx^ m stata tha r^sflioa ia ^ a f&m of tho A»llai»» 
lag thaaa 
Xf T ( a X o ) i , L ( I i K o ) thm a X i » . OA tua 
a^ i r kmAt it tha diMoaiaa af L is Xass thm or a«}tia;i «a 3 
^ (a X a ) ^ (% xe ) « 
J 
c^ APfnt i n 
mmm mm^m^ mmt ^ms 
In this eha^ tttv* afWSuaQptm (^ ontiouit^ rt bounMiiMso 
afl3«i&t !iaff9 h99n studied as they aE>i»Iy to linear e^xmtevs 
m 2mimmi ^zodoet 
Def^altioa 3»U1t M operator T t L L in at 
e a L i f for ewsh @ > Ot B S > o «ooh that 
} ( ( * « - ( X - e)|«)J < e, 
riieaevor <{« • ©)# (x • e ) (s ) ) < 
m oaQT that f i® oeatiaupaa if it iB contiatioaB at earti point of 
?<• note that i f f ia lineart ItieQ T is eontimtoiiffl I f f T is 
GoiitiiKiaaii at 0* 
^ operator T i L - L is JEJBM ^^ ^ 
a real oenstaiit K ^  e eaoh that 
t («<• x|e) ) i S (x» x|i). 
iBitTni ^ UaeaVi then f is ^waA^d i f and ealjr 
i f f ie eeatiattoue* 
If f ie teimiled, let 5 « O/Ck^l). If f in eeatiBwiiui« 
tiMM ie a > • smrH the;! 
4 4 
xis)} < 1 irtMamv (x» xfs) < 
tt («• K\m) •• U t « • ( «*, 
«xts)t < n o*. I(s«t *!« ) ! <«f 
(Xf X|8) m thitt X » and» th«r«fex«» s|8){ « •• 
6-
mrn^ it 5 , j ( fx, xf«)| < ©• 
r i(Tx, x\b)\ 
I f T 1« boiaitltd, dofiae |j T [| • mip x, • are 
Xf f %n mt d®tim || t g • • 
Ifow DO eatfOaiaii tho validitj @f thin ct^finitios^ fAmom T 
iB tiii9i!« is & Ic • nmh that 1 (fXt x|s)| ^ ie(x» xjs)* 
I ( f x , x|s){ 
mm9f it X ami 8 are iad^oiidwitt < k* fboMfost 
(x. x|») 
g f § la a vaUd dttfiait&fiii aal 4 || f | iili«iimr 
<Xt x|») 
X and • aseo indipttadmt* siaet (fXt x| s) • • tlioaoptr x 
md s ax9 a«poad«iitt h«r» | ( fx» x{ s) { 4 i| f |[ (Xf x j » ) 
for odl X and «• 
flM iRiUowiiMt tiUHMW 8««et«fl «<|siiY»lwit iMort of 
K-3 
ff^xf 3*1 It ? XB tettmdod Xlnmmt •p«r«tiir» tliflii 
• ^ ICtKf *i»)| « (Xf • 1J • 
Let A m I^h) K I x(a)f i k<«t zja) ^ • 
Sifl«« j { f * , 1 II f I) («f x[«)t A i I f K. If * ani 
{ ( fx , X|8)t 
8 axo lwi^ 93ad<Mit» " £ k. fharafojrtt k ^ f lit 
(Xt X|8) 
aiid bmmm ^ I T ||* USamtm 4 » | f 
Let riw ^ I («xt x|«)| I CXf xjn) « 1 >• 
|(rx» x|«)| i II f II (X, xja). 3 i | f | . 
x(8) 0 and l «t d • (*• 
tesot"'!-^} ^ aiii i<%iXt «x|«)| ^ Bt tHat lo 
[ tot x|a} i x|a)« If (x» s|s) « e» tixea [(Jx, 3ci»)| «• • 
0)* B • II f 11* 
I»9t S ^ set of al l Deoadod Un^ t^ nr •p^raft^m 
•f (I>t (•#•{•) ) itMif* S is ft « ( i » «d vw^terspciB« «ilMn« 
tm mm U dotimd m M Humrm 5*1 • 9* 
Lst 3, f « I . |(t • 8) « . s|s)| 
i<T*, xjs) • (st» x|s)t 
i l C f m S|l)| ^ i(8S, xt«)t 
4 6 
4 H f II («f * l « ) • 11 s II <»• * l « ) 
axm^ l i i ^ n x . x |s ) t • |a(f«« X|«}t 
I f I ( « . 
mm9 at @ S* Hal grtfi |a| ^ $ 
Sine© jal II f I • f | ( « t x , x | s ) | ^ ( | a | t ) ( x , s | a ) ] , 
jCsit*, *j8)| 1 I 3f 8 («• «l«>» « » « «• |a| !l ^ H i II !!• 
|a| H f il « ||eit}|* X^  7 • tb^a || ' i •• 
g f g » t i }« i (BCf ][}») » e ( f x t xfs) « 
(SX 4- CfSi' * ) ! » ) - (T* - « 
(Ss x» (iDK I* x ) |a) « ( f x • x« ( fx • x ) |« ) i«iioli l i ap i lw 
(Sf S{ ( f x f x)) • X|(IX • x ) ) * l i ^ t 9 « m > X* 
• X • g(x)(3X « x)« tlUKfe i« t 
(t) I(x) («(x)-1) • {«(x)^1) X, 
Bt^laoiag X iQr ox l a ( l )« luifv 
(2) f((ix)(g<ax)«1) » (s(«ix)#1) dx. 
( 1 ) miA (2) 
Wm% * ^^ ^ eoii!itaiit. ^ ( ! ) jl I . 
T(x) m fX, l i im 9 i9 9k SibiC* • » (fSf x{» ) • 
(0St •)• p « • anif f « 
I f ? e ll» A^im %h9 ®f f U h9 ^im 
if x« m\z} • Cf»» *|«)* 
im^ ^ ^ ^ 
C/(aiii>t a»fx) • Caatt aEl««) • Kfa) 5 
» « 4 Cf Cat) - mf ««!*) # 
• ( f C««) 
Cf ( « » ) 
m Cs, «ff*C«») - « f * « ^ (SS) • Cxt » mBh 
tiBlJtg m tat&mmt tmAmmvm in Wammm 
ham 
TO establish that f* ia atf^itivat m aaod tlia Xanai 
Lmmrn. (% f^ t i x) - (ii« vf Sx x) 
4 [(u» •{ t * • (ll« vj J* - £'}] 
« (u4-irt > x) - * ) 
- (a+Vt atfjfx • %) ^-irjlbc - * ) . 
"« (tx + x» Tjt + xjafV) - ( fx - Xf fX - xfiifV) 
( fx - z., fx x|a-f) (XX J x» fx • 
«• 4 (ZXf 4(fxt 
laaca (li, v|Tx f * ) - (iif rffjt - x) 
• (fXt Xjtt^*) • 
" u^yjx) J ( f * (»•••)» tioYfx)* 
MMXMT T* 19 M I U V ^ 
iSEStfi m hwm 
(9*(tt^v)« aw{x) • ( f x , 
• ^ • («x - x» f x • x|tt^ir)j ^ 
• I [(ttt • « ) - ( « # itjfx • X) t ( n 
4 9 
• vttx 4> x) -^(Hi irffai • x) 
• (t*, [(iitv|«« ^ « M « # • x)] 
• (/lit I [(ut rfTs • «)-(iii v|t3r - * ) 
Borsf-9 ( I I ^ V } x) 
(f'^at ttl*) vfx) -
•0 </tt • c/ut ^ in^v^ VIK) 
- (f*tt» vtic) - (f%t ttfx) • 
« (t w • ? Vt a^'^lx) (T a - ? iPf tt|x) 
• ( / v • f^ ^m v|x) - y>»vix)t 
• <f*tt • /vf IN^X) • ( (5P% - ll-*|x)» 
r fi 
Meh iaplXes that 
r (u+v) « ? tt 
lae» ICt'i, 3)x)j - I(iac» xli8)| || 1 \\ (ic, xffj), 
h&w» / ia beuadda aad ji 1 | S M* iistrarni^ u- th» relos 
©f '£ and \\ « j| t I . 
Flatly tfca% 
i ) • f , 
11) is • Vf m S* • 1!*f 
and 111) (ctf)* • aT*t Iff wait 
<J> L 
camm I? 
Mmr^-ii^mu m, rmm^ 
ttm pxoULoB 9t d«£tiiittg a aoiAar product ia a linoar laotrie 
ep^o was studied by Joidan aad iron Uemmm (62j In me year 1934 
and elatee then a lot ef vsorU hais h&m d(»i!iQ la thla dilution hf 
authoxB irm ^itimmt ^eiats of vlev* The toDoHogy of 
abatraet 2««i(itrio (a3reaf>«3«txie) opaeea han btea tfm ©tejept of ?»tudy 
in ifoeeat paper® of tS^er and <e»g» [4lJ throwi^  C^ O])* 
Iri the year %9r% atoiaale, O^er and vmite [20] etttdiM the 
iieceetrie properties of ®ueh fcgr iatrodtrlag th© mw^ &pt of 
S^I^iaer psodtic^ t g|;>aoe9« 
!l!he olijeet this chapter is te define the m n t ^ of weak* 
aMoosaed ^aees if^ch is a SMUaeheioaal analogue to that of weak* 
aeiGted s^aees defined ^ oolab • la this oenaeetioa m ebserfv 
that in a lieaJifogNaofisied a^aoe i f the 2-difiieasioiiia anaie#ie of the 
A9oUeiiiiM pieperly [aoQ is ^ i d then the meSs^'omm mA the 
asseeialeA 2«eMtris beeaae suelideaa* 
.mflHHf^iiffi^ himm ^mp 
tfl lBllIyi f i i i l ' Lot X. be a Uaear s^i^e ^th ^ i Z ) > If 
and let I***! i I. XL ^ R i«iieh odbisfies the ftfllo«las 
peettiXaileei 
jd 
(%)• gam XiamaasSkf 
. fa. • m •} • 
f «t HI «• IA M®* %if ax w a . 
tliffiiii ««« that !««•( Is a m L ami t.iia'l 
(zt (•••1) B. ff^rmmf^ Umm wwff* 
m Smw0 e^ Hwmi htro eoaditlon (ir|)t ani t ^ eubaddlti^ 
• i f ^ ium h®m i s tho €®ftnitim I t 
l a i! i tez«9tif ig to i i i t v tt iat •vorir l i m w ^ &pm& le aleo 
& 3JLm«iir epae« M th« ewfeRM la mt troof l a 
^Mfpla 4m^mZt h9% i j th« mrnli'^em llndar f^m^ of 
dlnmslott a » All • «2l • • H^ le* 
BOfllM 
I J K 
K ki • • 1 «8 
^ h 
flMN i*f*|} ^ * wmae-^wmtA ltA#«r opao* an ntfU m m 
SmMMMA l l i l W f^«0t* 
' • c , 
ItiMlfflt t i l l I* IM L ^ ft Xin»9Se ispm9 ulth taisiii •2 
maA X9t w m l ia««r 2*fiiaetlonia. defiaod oa Deflttt 
]•»•{ t L KI. Rf as ftllowji 
{a» HI • ¥>1 • K d ^ s ^ g - • 
flsflOf (l*f !•#•)) 1» a lia«4ar B a^ca as v«ll aa 
Eioiaaa liaaar spaaa* 
jacaipla 4«2>4t I^ et Ir ba a llnaar ^ i ra Kdtli basis -^Oit <2 > • 
a raal fuactlaa aa h as l^llaaai 
fa» - <|a|| • lagl) (Ifs^f ^ hgH* 
wnavi a • «2 •a* • •I*' •a* 
It la a «9alc»2«aazsiadl Uaaar apaea but not a 
Maaar apaea* 
ffliflMy^t ^ X» 1M a wmad liaaar i^aea af dliiaiiaiaa 
gvaaltar tHaa U Dafiaa a faaetiaa aa I. aa tMrnm 
)a, • )) a I II b Q . 
ShMt )•§•! ia a a a a M ^ m aa £ fay a aaA b aiar ^ Uaaarly 
dn^aadaat maA f t | at |i a» fbm L 1« a aaal»i4MM»i»a4 liaaar 
apa&a M aat a 2<-aainiaA liaaar a^aaa* 
Oailaitiiwi 4.3«ii m sir that m {•••{ ^ 
WtmJMitmh i f t h m la a 2«iiiiMr ^xodiaet («f«|«)t ttXZ n$ 
mMh tliat 
2 (1 )••»•••••••••(«« M {at 1l) 
XDAi'dtX' to aiioyr that th« Ut* } Sm -mlid^m I t 
le aiiifflei<mt t& aaoisi® that It tha mmh^gim 
Qf Apellettitis 
<2) . . . . . I^ ^kt la-lN 2|a. 2|b. e}^, 
at bf c 0 L* It io tatemmting to fi&te ^a t im this nanet 
OHO not aood the 2«<liaioaftleaal aaalogiao of tba trianglt 
laoquality* 
Demo a tt»mti»a (•»•( t XXL n^ t^ch aatlaflM 
ax^ (a) , ISO shaU show tHat ( . f t * ) • L X!. X 2. R* io^BO «r 
O ) - I [ la. o j ^ ] , 
at It o e l8 o^Hnotvio* liBoar is tlw firot M afimioato 
md aiMatlm ( I ) (md Hoar^ a a s>iodiK»%t I f aa& 
(1^) ax« aloo aOM to oar ligrpetiiooea}* 
Oisiac (2) M^mml tiaoe la ooreoiioioiit tie ooo that for 
mi h9 e 0 
'JD 
4(«« • e\K ©j^ 
• 2|m • b, ©1^- ©1^-
• Slat 
» {iN^Vaii, ej - 1 
n^ f^ o| « 4|l>f of « 
• afaWrH, oj^-
fli»z«foi«f iMtm 
(4>« « » « * « » » « « « « ( « f Hja) (a* « (a • % bfc)* 
It D i U M itm (4) that (•#•}•) ts Mltl^ to tli« first «rgaii«iit. 
( « ) ) •aft (4) it iM al««r tluid ( . , . { • ) ^Mi t i ^ ia tli* mmwA 
«»iwi«at t»«« I f « ft to (4)« m C2«» • 2(ft» 
IV tm^ted ftt t}i« 4[4<iitto<lt/ it aUt^Xr m U m tliat 
ttiv ^ ttitivi tot««*r B omA fur a« e ^ l^ f ^ 
itm » B(ft» ^ e ) . 
y i ) 
I f »f ft m i n t t m ^ turn 
< f ) ( « . • < f ) ( » ( } ) • 
• ( I > a( I # 
« » < } • 
• C I 
lti©r«for9« bt<?) • - (a* b{o)* Thm m thakt f&T all 
zmtiQtieiX. nm^m q (inc l^ticling e)f 
fe stew that t^B iml&tim h»X&» t9T M Qt m mmt llx»t 
pmw9 tiM tmSL^ wm of (immhs^ rnhmmp iatttulltjr 
(89« [20]}« fr bf e 6 Lt e ^ V(a« m defiii* a paXyaMial 
f lor 
H%} - 1% n 
for all vatioMl « • lia.f<i 
• K 2(<l% l»|e) • tb, 
J 4 
• in* f 
• • ^ (3) mA (w^). 
fhi}rofl»x«f ^(q) ia iioi»-Qttgativ»* For ^ny l i nea r l y laAapoadent 
at ti 3 Lf tho tmmtlm ft F dailned by f ( ) • | at 1»1 • SR 
is eontiiSMiss f»»iptl©ii ©f > . that i9» for iseiy 6 > o^  thttz© 
$ 
©.'liets a 5 w aueh that 
K 
IA-A*-} < F 1» a contiau&ue fuiictlon of q 
t!i«r®l^rat l>« fio»-aogatiT» for adl 
''OQfiQqtMatXy the aiscrioinaiit of ? io aogatiWf tsid i© w© iiav* 
Ka. |«, ©1^  
Bsr mf re^ A • aoift f©r % ^t e @ X* • tM haw 
|( Aa. -A (at bic)j • [C<?^-<!)a» b}©) (q 
4 I<(<1 • ICq --AXai 
ISftr oil vaUMua wiiig tho eaiaehy^hvrasrz; iimtuilitjr and by 
?3aldUi|| % « > • « • •©» that th© light hani nid© ©f th© 
iik©<liiiaity ©flB b© aid© avUtraiily anuOl. sia©© (?v% b)©) i© 
a e©atiai»aa fanctiaa ©f A « «© e©aeliiiS© that f©r ai^ , 
% hlo) m (at M^u 
PlzutUyt for a ii«a»a«ir9 li 6 Lt let a a L anl «r it« e «• 1^ 4 I 
thm aalng (5) and (3}> m baw 
(a» njb) « -4 f i f lt>) « -4 2c|b) 
• H !®» I - 2c, b f - {20. bj J 
« b| • {Of b| « o* 
It ft-Gm ralation tJiat (•#•?•) tt^  
ha^ th«c fnewd the? fdllnidM thmrmt 
Thmtm Let L b« a r«a3. w t o r y^ p-isro and let 
m makh^'-mm gxi l r^iUkth is f^ ontlim&u^ iins n^i^f im %h» 
pyoparty (2 ) . fhea jfunrtiim )t I XI, XZ n d«flfi«d 
W C?) in ajneotziet in H&e f l r ^ tiro arguaanta, 
t^nd natioflGs (1)* 
4«4« Xt is •bviaiis f r a dafinltian 4»2«1 that ttia gofiasnditjr 
tiia axiMi dafiiiifi« tha miiJnmZ^m is a sort of UlnitatSaa 
an any axtaaniva dafaiapnaat of a ttaooxsr of waale^ aMioniod opaeaB 
paralliA to that af d«aaxaad spaeaa <iav«la£»ad in [42]« marafasvt 
aur Ala ia to datamiiM aa ta «li«t l^ttiar invoatisatioxia nm im 
aada fav eade-a-eaiBad optpaa ^ ich m daftaad Igr Ug^aaing furtfatr 
m «it« mle-aoiiiiiit* la t^iis ff«tia#ati«ii m etMiwriNi 
ttiat tiM ijg^Blti^n &f th* i^lltmlng pmp&scty ^a a mwmaimm^ 
mtTmtvam wittiottt aoar aigaifieaat reatrletlom 
A h f i R t.h# ympf^rtf (W^) th« wtaiB-
« - bf. 
B^^ ad oa the Mlowiog 
..tl^ r^qg^  4«4«1t. List % ^ btt m^hitT&f ©^i^ itsv i>f a :fa^^-afemed 
Qf Xi 02 ^ thsK 
If # tiMm (i^), ma (ij^) t ^ 
t ^ x m is trivl«JU Sf ay^ •§ a I • ihm hf a ajipliei 
tJl<» df (§4) mA Hat* 
[JKf jrl « fa^a • «2>t ^'t* • 
fOft . if , » I mA « ii) ^ ^ 0 rt n 4 g t^ l 
CO 
hi ! Isgl 
/ 7 , \ I ' 1 « - I 
cr I s X 3 X S B* Satl«iHiring tli® ItolloiiEii ^©iitttlat^t 
1. ( i ) f'^ or ewsT two dleit iaot a oM h ?>f t l w r * 
•xiBts aUeiisf ma p«iat e % ^ omh that A •» 
(11) cr (ofbye) •• • i t atl^ast two ef the throe ^oliitii 
&X9 squalf mA 
cr(%t»fe) 
then, CT" If? eall«<l « f9«al»a«BMitrle flO). 
gMeraa aii«c»« im sUleh Hw 
MSB 8«tiafl«« <f^)9 e«i to Bttft lato % swi-S-Mtxic apof^ * th« 
0iBi«tNMtxie 4«iliMt41 hy cr ( « » I19 • O ^ * 
£|88£i amr ^lattet p«l»tB «» 1ft @ th»v9 mlntm m g $ % 
th«t lOiA liiMarly Ivd^^enk aoAt iai«i«fmt 
b l 
o~(«t lit o) * t ^ ^ ^ ^ Momovw* •t 
it atX««Eit %iM thrw points at o ar« eq«idU 
For arbitiraiy points OfbtC 6 Z»t (w^) ana 
hsm • l ^ a t ©••I • |o-a» • cr(«» Ot 
cr (atbfO) • • l»-a| • arbj « c"" (^t «)• 
c~ (a* bt o) «cr (a# ^t b) "c-Cbt a) 
QV z^y isipaae t mty be rs^ardad a isoml-^-
'seiiffir sipace vidth tlMi^aatural/0«ai-a^»tric giwi by 
o~(a» fet e) • |b-at e-a j . 
4a4«4t I f { . t * ! i s a waaJB-e-ttOiB oa t settlgtyiag (v^)t 
t i m for ai^itraxy a^t ^o ® ^ ^ ^ * ^ 
£i8a$i liot |*t«i ba a noalt^-iioxtt aa l^ t fbr ai^tvaxy 
b^ 0 thasa axista a rtaH mnbar A « i tb a « b A o mmk w O O 
thaM {ato| • {bt«i« Xf A * ^ asaastiaa la Itmadlata* If 
f •t tlias uaias ( i ^ t (v^) aatl (i^)* «a h«ni 
* A aa a Ilaaar apano L la a {.It 8 litli 
tbilBnSHag pvai»ay«i«ai 
1*1 i ® * 1*1 
2) tbr aUL Ma]. A • 
C ; 
}a»i*} • I a ''I »» j Act b^  /e) • fc 
i^l lAl 
m -J— e| • ACf M " I A 
{/M Ml 
Iklttis It a^ w m mt m jbfC^ I tti« 
r@£il»Viil.ti®4 fiiactloa m glvm Isy l^i^* l^^t^l 
\ofim4, '-wT a e Lt fatcf 2: ®t 
|%<!| « ® »«> a i^TS Iifi®aiStjr a 
^m for arj^  rsal i iai l »®r* f A^f^j®* H^^  ' • 
i AI K - lA l Q , , 
Ii9t {•*•! b« any r^ aSL fm^timi oa L XI. witli 
|%c| m {Ofa) for a3.X 8 L and ^itti » o* for •anh 
• e 6 L aod for 9mh e * l^tof 
tHai • |ai«|f a^ « <l«ft«»lnefi a wt^Mdm Ul ' C C ' 0 9 ' *f5 
9Q fhm {•••{ i « a m^J^HMana an Xi« 
laai^i K e j - ja^l^ i •• ia,o| - • a^ « 
a 0 a«e asrt Haaarltj dapaaftatit* ]|r aest^ siiptiMi 
ja»c| « |eta| • iOaa, IStr ongr J^al m m ^ T A a t e j « 
r 9 b J 
4«S« tlmx:^  is m int«z«fitlii^ batis^^a bivectozn [42] 
tmd m etatft thin mlafcion in tho t^m of th« 
tbB&xmt 
.!itii^ ttlatiQ2i |]o ««• d«fimm u mmJo^m 0a B^ * 
i) fa,l»l • |jD(a Xb)j 
i i ; «• I X i3){ I t «««>i>CA xb ) x « ) 
U i ) « iBCft Xli)| « |i)(l> Xii)| • jfe, af. 
lv3 f tel « li:)<Aa X1i>| « \A I 
ifiT •fwey aunbor ^ • 
l.t*! ^9£inm m mtai^mmm u fii»wt i f 
^<1*) 4 i f {•#•{ i « « ms^'omm «a lit tbm 
tor vm h iM 9Ir{»1« esa^ tb9x«f«»»it ««• it in flit 
(a Kb), tfoiaf aoA ([42], Thaeiw IO)t «• 
that Xl»> tlMira txif^t m l Hanbem 
«gi flft tlurt a «• • ^ • • 
lasi^g - dg'^ il • 1 t«tl»{ • W tiMi 
ntlmiUtloa { j b U X%)\ m |4»1>|« m f«ieti«tt {•! le ^M&MtfltMd 
on ( IdU |««b| « • 
aara Ximmy A^^vaAmt• fiiTtli»irt |]o<* I b t « > | • 
mxmr^vt f£ < A * x li)|«tf A A | K M - f A l 
?l%®i^ fer«f (•} is a maJsmmrn on n^m Tlmr« le m ia 
([^"0, p* 52) tteat 9i»m tli«t for every maiti^'^m {.t*! «a Z§ 
tfmm mt axiift m ^ak-^mm ta B^  Mak B&l^i^fim 
I i> XlJ}| • fa» ^ for ai.1 a^b g U 
mmm • 
mtm mimn yntg w ^^m^mm m^m^ 
fkm •t stiiet muwmAt^ In hae pvofvd 
l>e fvfjr asefu}. is»r ott«|]riae ^ ^ gi^amtxy of n^&h apmoB^ la 
this eiiaptart giv« s«n« nwv of stf iat 
emw&Mitr t9ma 0f For the dofialtim ai»l 
hitluirte ia»m ehupmtMmmtiam mt atxiet eoavmcit^t att 
Xi«t [•t*!*] « ta ft U fhm, 
i, ia strictly iff aod »iajr if* f^mermr [W^t I'^nfK^K 
^ h ^  9 miA e M ^ x" ft a mme rsaO. at > •• 
fgffofi % is otiiotUr m^ «• W t^tf 
« •• » |i •• e if V(a« flMa ^ tlm mtim f l , ) of d<ifiiiiti«i 
1«}*1t Hat* o| ^  of) • p * 
« bie] 
i I [ a ^ ) 
Pwm (1) oaa it oX«az<lr f<»U»iao tbsft 
ilfM'b* e| • |ate| • ptef . 
L ia strlQtljf eonvwXf lisjr dofiaitioii 1*3 it foHoi^ that 
b » m a for x«ai a > •• 
oiiivtiiioljrt li is m% stsintly emv9x§ tiioa tlieor«B 
t«3,1 (6) there exist XlBeadjr Isdepttetd^t ela^imts 
b e L, (b a a for a > • ) strh tliat I<1i»o) QSCat c) 
(ef« ^ l«7)* .'^ inee 1i a a fer eoae reel <x > et It foHem 
that e 4 and e ji etherelse p 
^ e l a g ^ t m soA h are llneaxlj dei>eiideat mA this eeatradi^te 
mm Mstnptlea* aeiK« 8a«o[i •• |f • «iil eiieeee a 
^ a theeren of tilte ([105], fheem 2.a)» fbv • ^ e ^ L $3 
a f « stiffli that I f I » 1 aaA F(li*e) » |l»tOg» flwreferat 
? • KWe) QX(a,G). » • « l» |i «a, «t liaYW 
IP t^ol 
6 7 
m 1 
0aA n — ^ , o) . ^—^ f it^e) m i . 
^ « 
Thus f ( t c) • • o) • I F H • 1. 
hy ttiooroa (6)* e @ fshit^ li tli* 
a^mptioa thigt; a 0 h ie stilf'tl^ 
ana « f[a»o| 
gheoCTB 5*1 «2i Let [•••}•] ^ a m t, L i» 
aSidf^tly c^iiv^ i f , and ©al: 
a ^ l» > ||bfci|. 
2 o lj l f » itioiuiiror <» , 
i^x^fi L is strletSjr ^mwmt & ^ h mS. (%&{<»] 
mwt i f |a9e{| « th«a Igr thmtrm b » « « mr mm9 
re ail a > « wfciioh in turn inpXiea that a « nhieh is • eontr»-
dicitien. mt « KNetf > f^ffttl* 
tilie fzoof ef tftio eoav«r«« is slailar t « that » f thmtm 
9»2. gfftjBlttfi fftltii A m i i m M (a^^j ®f «l«i«at8 of tiM 
(Lf [ . f * ! . ] ) is said ts ornwmwm t f M f ^ ^ ^ 
fliwl argmat ts an mlmmt a @ L i f for ^ @ I* ^ors 
axists a e g Z. staeh that 
$ho nitii t« th« 8«K»«aA «r({iiDUHit in 
in an oniao^tts mmmxae* 
la a Lt the atxonn; (fonwofKio* 
^ i t l m i»®©SE la th« first a3pgii3«»nt md fj^ alc Xlait 
,1a oaiqu® if aiii(L) ^ la of with 
t© tii9 arprs^ati th« muk Xlait i « aai^ is® if tti« 
apiwDe la Btslatljf mwrwi:* 
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